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1 Introduction 



The classification of even unimodular Z-lattices is explicitly known only in 
the cases of rank 8, 16 and 24 (cf. |CS] ). Given an imaginary quadratic 
number field K with discriminant dx and ring of integers Ok-, Cohen and 
Resnikoff |CRj showed that there exists a free O/^-module A of rank r, which 
is even and satisfies det A = if and only if r = (mod 4), where 

explicit examples can also be found in [DKj. Each such O^^-module is an 
even unimodular Z-lattice of rank 2r and the associated Hermitian theta 
series is a Hermitian modular form of weight r for the full modular group. 
An explicit description of the isometry classes of these lattices has so far 
only been obtained for the Gaussian number field K = Q{i) and r = 4, 8 
by Schiemann where 1 resp. 3 isometry classes exist, and for r = 12 by 
Kitazume and Munemasa [KM] , where 28 isometry classes exist. It should 



be noted that similar results over the Hurwitz order can be found in Q and 

m- 

In this paper we derive analogous results for Ox-niodules whenever K = 
Q{i\/3) is Eisenstein's number field. There is exactly one isometry class for 
r = 4 and r = 8 and surprisingly there exist just 5 isometry classes if r = 12. 
In the proof we make use of the Niemeier classification and verify which of 
these lattices have got the structure of an O^^-module. The main idea is 
that the orthogonal automorphism group of such a lattice must contain an 
element with minimal polynomial p{X) = — X + 1, which corresponds to 
|(1 Moreover we investigate the filtration of cusp forms spanned by 

the associated Hermitian theta series. 



2 The mass of the Eisenstein lattices 

Throughout the paper let K = Q(i-\/3) be Eisenstein's number field of dis- 
criminant —3 with attached Dirichlet character 




, 77, G Z, 



and ring of integers 

0:=Z + Zu, u = {l + iV3)/2, 
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which is EucUdean with respect to the norm N(a) — aa. We consider K^, 
r e N, with the standard Hermitian scalar product 

X ^ K, (x, y) 1-^ (x, y) := x^^'y. 

Let U{r) denote the unitary group of rank r. 

Definition 1. A C is called an Eisenstein lattice of rank r if there exist 
linearly independent bi, . . . ,br G such that 

(i) A^Obi + ... + Obr, 

(ii) dct((6„6,,)) = {2/iV3Y, 

(iii) (A, A) e 2Z for all A e A. 

Two such lattices A, A' are called isometric if there exists an isometry U e 
U{r) such that 

A' = UK. 

The (unitary) automorphism group of A is defined by 

Aut(A) := {U e U{r)- UA = A}. 
The Eisenstein lattices form a genus and its mass is 

where we sum over representatives of the isometry classes of Eisenstein lat- 
tices of rank r. 

Considering the symmetric bilinear form 

K'xK'^Q, {x,y)^Re{x,y), 

we may also consider A as an even unimodular Z-lattice of rank 2r 

Az = Zbi + Zujbi + ... + Zbr + Zubr- 

This yields an embedding of Aut A into the (orthogonal) automorphism 
group Autz(A) of Ag. Hence it is clear that Eisenstein lattices exist only if r 
is a multiple of 4. 



Theorem 1. The mass of the genus of Eisenstein lattices of rank r, r G N, 
A \ r, is given by 

i=i 

where Bj (resp. Bj^^j^) is the (generalized) Bernoulli number. In particular 
one has 

_ 1 _ 1 691 ■ 809 ■ 1847 

^'■4 = 7^ — — — TTil — — A*i2 



27.35.5' 215.310.52' 222. 317. 53. 7 -11 -IS' 

Proof. Hashimoto and Koseki jHaKj computed the mass /i* of odd unimodu- 
lar (9- modules of rank r, 4 | r, to be 

3r/2 ^ ^ '^/2 

i=i 

where -Bj (resp. ^^'^ (generalized) Bernoulli numbers (cf. [Z], resp. 

[F]). Using the same counting argument as in |BN] . Proposition 2.4, we obtain 

where ci is the number of maximal isotropic subspaces of the orthogonal Fa- 
vector space F3 and where C2 is the number of maximal isotropic subspaces 
of the symplectic Fs-vector space F3. These numbers can be found in jT], p. 
78 resp. p. 174, and are equal to 

r/2 r/2 

ci = l[{y-' + i), C2 = n(3^' + i). 

i=i i=i 

This yields the first claim. The special values are obtained from an explicit 
calculation of the Bernoulli numbers exploiting the formulas in [Z]. □ 

3 Classification of Eisenstein lattices 

In order to obtain a classification of the Eisenstein lattices we make use 
of Theorem [TJ First of all we use the fact from |DK] that there exists an 
Eisenstein lattice A4 of rank 4 given by its Gram matrix 

21 C\ r A o\ ^ ^ ^ A 1 
-C 21) ' {01)''^ 73 1,1 -1^ 
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An easy computer calculation yields 

H Aut(A4) = 2^ • 3^ ■ 5 = — . 

/i4 

In view of 

H Aut(A4 © A4) = 2 ■ (H Aut(A4))2 = — 
Theorem [T] implies 

Corollary 1. There is exactly one isometry class of Eisenstein lattices of 
rank 4 and o/rank 8. Representatives are A4 and A4 © A4. 

In the case of rank 12 we apply the Niemeier classification of even unimo- 
dular 24-dimensional Z-lattices (cf. |CSj ). We use the fact that cul is always 
contained in the automorphism group of an Eisenstein lattice. Its minimal 
polynomial over Q is p{X) = — X + 1. 

Proposition 1. Each matrix B G Z^''^^'' with minimal polynomial p{X) = 
X"^ — X + \ is in GL(2r; Z) conjugate to 

diag(A---,^), A = 

Proof. Following Newman [N], p. 54 and Theorem III. 12, the claim basically 
follows from the fact that O = 'L[uo\ has class number 1. □ 

Now we are going to investigate which Niemeier lattices possess an auto- 
morphism with minimal polynomial p{X) = X"^ — X + 1. 

Lemma 1. Let L be a I^-lattice, which has a decomposition into orthogonally 
indecomposable non-isometric lattices 

L = © . . . © 

Then one has 

a) Aut(L) = X".^^Aut{R]'). 

b) Aut(i?J-') = {diag((/)i, . . . , ^nja^-; (pk G Aut{Rj), aj E S^J. 

c) If (p E Aut(L) exists with minimal polynomial p{X) = X^ — X + 1, then 
(j) belongs to the kernel of the group epimorphism Aut(L) x . . . x S'„^ 
in a) and b). 
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Proof, a), b) The results are well-known (cf. |Knj ) . 

c) Let P„ be the integral orthogonal nxn matrix associated to a E Sn in the 
j-component. Then = shows that — P^j is diagonal. Hence a = id 
follows. □ 

Thus we have reduced the problem to orthogonally indecomposable Z- 
lattices. In the case of root lattices (cf. |CS] . Chapter 4) we obtain the well- 
known 

Lemma 2. a) If n > 2 one has 

Aut(A„) ^ Sn+l X {±1}. 

b) If n ^ 4 one has 

Aut(D„) ^ S„ X {±1}". 
Considering our situation we obtain 
Corollary 2. // 

A = An, n 7^ 2 or A = D„, n 7^ 4 or A = i^y 

then Aut(A) does not contain an automorphism with minimal polynomial 
p{X) = ~ X + 1. 

Proof. The claim is clear for Ai = Z. Suppose that G Aut(A) with minimal 
polynomial p{X) = — X + 1 exists. Hence 0^ = —id follows. Considering 
An, n > 3, and the action of Sn+i on An we conclude that An contains a 
sublattice of rank 3 which is 0-invariant. As 3 is odd must possess a real 
eigenvalue which contradicts p{X) = — X + 1. 

Ant{Dn), n = 1,2, does not contain an element of order 3. Hence let n = 3 
or n > 5 and A = Again we can conclude that Dn contains a sublattice 
of rank 3 which ist 0-invariant. Hence the same argument as above yields the 
contradiction. 

In view of rank E-i = 7 we may proceed in the same way as in the last 
case. □ 

A verification yields 

Lemma 3. The lattices A2, -D4, Eq, Eg and the Leech lattice Lq possess an 
automorphism with minimal polynomial p{X) = X^ — X + 1. This automor- 
phism is unique up to conjugacy. 
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Proof. The existence and the uniqueness are verified by a direct computation 
for A2 and D4. Considering Eq, and Lq the result follows from [CCj . □ 



Hence we get 

Theorem 2. There are exactly 5 isometry classes of Eisenstein lattices of 
rank 12. The underlying 7j-lattices, the orders of the unitary automorphism 
groups and their index in the orthogonal automorphism groups are given by 
the following table 



root system of A 


ti Aut(A) 


[Autz(A) : Aut(A)] 






2^1 . 53 . 73 


4^6 


216 . 317 


216 . 54 


6^4 


221 . 39 . 5 


219 


12^2 


2^ ■ 3^^ ■ 5 ■ 11 


212 





214 . 38 . 52 . 11 . 13 


2*^ • 3 ■ 52 • 7 • 23 



Proof. Apply Lemma [3] and the Niemeier classification in [CSj . After conju- 
gation we may assume that 



B = diag{A, . . . ,A), A 



-1 

1 1 



belongs to Aut(A) due to Proposition [H Using 

AZ2 ^ O 

we have got an O-structure on A. Moreover we have 

Aut(A) ^{U e Autz(A); UB = BU}. 
Now tlAut(A) and [Autz(A) : Aut(A)] are computed explicitly using [P 



Using Theorem [T] we conclude that we have already found all the isometry 
classes. □ 

Remark 1 . a) Explicit examples of the lattices in Theorem 2 given by their 
Gram matrices can be found in [H Ij . 

b) Theorem [1] yields 

_ 13 ■ 47 ■ 419 ■ 691 • 809 ■ 1847 • 3617 ■ 16519 
/^i6- 231.322.54.11.17 ^ 
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So far we have constructed 5 isometry classes of Eisenstein lattices A^- of 
rank 16, namely the orthogonal sum from those in Theorem [2] with A4. But 
they have got only a small proportion of the whole mass 

c) The Eisenstein lattices associated with 3Es, 6D4 and Lq have also got the 
structure of a module over the Hurwitz order (cf. |BN] ). The quaternionic 
automorphism group has the index 3^^ resp. 3^ resp. 2 • 3^ ■ 11 in the unitary 
automorphism group Aut(A). 

d) Analogous results for other imaginary quadratic number fields and r = 4, 8 
are achieved in [H2j . 



4 The Hermitian theta series 

We consider the Hermitian half-space of degree n 

nn = {Z e C"^"; -{Z- Z'") > 0}. 
The Hermitian modular group 

r„ := {M e SL(2n; O); MJM'" = J}, J = 

acts on Tin by the usual fractional linear transformation. The space [r„, r] of 
Hermitian modular forms of degree n and weight r consists of all holomorphic 
/ : TCn — > C satisfying 

f{M{Z)) = detiCZ + DY ■ f{Z) for all M = (^^ ^ ^" 

with the additional condition of boundedness for n = 1 (cf. [BJ). The subspace 
[rn,r]o of cusp forms is defined by the kernel of the Siegel 0-operator 

/ I = 0. 
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Proposition 2. ( |CRj ) Let A be an Eisenstein lattice o/rank r with Gram 
matrix H . Then the associated Hermitian theta series 



T>0 

with the Fourier coefficients 

^{H,T) := ti{G e O"^"; G^'i/G = T}, 

belongs to 

[rn,r]. 

Just as in the case of Siegel modular forms we obtain the analytic version 
of Siegel's main theorem involving the Siegel Eisenstein series in [r„,r] (cf. 

Corollary 3. Let Hi, . . . , Hg be Gram matrices of the lattices Ai, . . . , A^, 
which are representatives of the isometry classes of Eisenstein lattices of 
rank r. If r > 2n one has 

^EfAi(A;)e'"'(Z.i/,) = B.'"'(Z)= E ietiCZ^Or. 

(gg)<s:)V. 

If r = 4 or r = 8 the Eisenstein series therefore coincides with a Hermi- 
tian theta series. Let Hi, . . . , be fixed Gram matrices of the Eisenstein 
lattices associated with 3Es,4:EQ,6Di,12A2 resp. Lq. Then we can describe 
the filtration analogous to jNV] . 

Theorem 3. a) Let 

E^''\Z) := e(")(^> ^i) - 3O0(")(^> H2) + 135e("H^> ^s) - imQ'^''\Z, H4) 
+ 54Q^^\Z,H,) G [r„,12]. 

Then F^^) ^ and either F^^) = or F^^) is a non-trivial cusp form, 
b ) The form 

G^^\Z) = Q'^^\Z,H2)-6Q^^\Z,Hs) + 8Q^^\Z,H^)-3Q'^''\Z,H5) 



8 



is a non-trivial cusp form of degree 3. 
a) The form 

H^^\Z) = 0(2) (Z, H^i) - 26(2) (Z, H^) + 6(2) (Z, H^) 

is a non-trivial cusp form of degree 2. 
d) The form 

J^^\Z) = 6«(^,^4) - 6«(^,^5) 
is a non-trivial cusp form of degree 1. 

Proof. The functions above are modular forms of weight 12 due to Proposition 

m 

a) The modular form F^^) does not vanish identically, since this is already 
true for the restriction to the Siegel half-space, where F^^^ is the analogous 
linear combination of the Siegel theta series. In this case we may use the 
table of Fourier coefficients in jBFWj . 

We know from |DKj that 

[Fa, 12] = CEf + CE^' + CE^K 

Calculating a few Fourier coefficients we obtain F^^) = 0. 

b) The analogous computations show that G^^) = 0. If n = 3 the Fourier 
coefficient of 

4 4w/3 1 + uj/3\ 
4ZJ/3 4 -2uj/3 
J + cJ/3 -2cJ/3 4 / 

is 5184, hence G^^) ^ g. 

c) We have 

d) This claim is clear as we deal with elliptic modular forms and elliptic theta 
series, hence 

J(^) = 720A, 

where A is the normalized discriminant. □ 
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Remark 2. a) Just as in the case of quaternionic modular forms (cf. |HKj ) 
there is no analog of the Schottky form over K. 

b) A computation of thousands of Fourier coefficients leads to the conjecture 
that = 0. In this case the space of cusp forms of weight 12 spanned 
by Hermitian theta series is one dimensional in the cases of degree n = 
0, 1, 2, 3, 4. One knows that 

[r4, i2]o ^ {0} 

from Hence it is conjectured that F^^^ is a Hermitian Ikeda lift. 

c) All the theta series associated with Eisenstein lattices of rank < 12 are 
symmetric Hermitian modular forms, i.e. f{Z*''') = f{Z), because the lattice 
A is isometric to A. 
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